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lll semester M.Sc. Degree Examination, April/May 2022

(Y2K17N2K14 - CBCS)

MATHEMATICS

M 303 T : Functional AnalYsis

Time : 3 Hours Max. Marks : 70

Instructions : 1) Answer any five full questions'

2) All questions carry equal marks.

1. a) Define a normed linear space with usual notations, show that

l lx + yl lo < l l* l lo+ l lyl lo in Fn, where 1 < p < *'

b) Show that the set of rational numbers q is not a Banach space' (10+a)

2. a) Let M be a closed linear sub space of a normed linear space N' Show that

N
the 

_quotient 
space 

* 
,r also normed linear space with the norm of each

coserx+M defined as l lx+Mll = inf{ l lx+mll :me Mi. Furtherif N isaBanach

space, then prove that 
# 

't also a Banach space'

b) lf N and N' are normed linear spaces over the same field and T : N -+ N' is

a linear transformation, then prove that the following are equivalent'

i) T is continuous
ii) T is continuous at the origin

iii) T is bounded
iv) T(s) is bounded in N', where s = {x e N : llxll < 1} is a closed unit

ball in N. Q+7)

3. a) state and prove Hahn Banach-theorem for both real and complex cases.

b) lf N is a normed linear space and xo e N with x o l,?..then.show that there

exist a functional fo e N* such that d(xJ = llxoll and llfoll = 1' (10+a)

4. a) State and prove open mapping theorem'

b) Show that the mapping T -+ T" is an isometric isomorphism of B(N) into

B{N1 which reverses the product and preserves the identity transformation,

where T is an operator on N and T* an operator on N*'

c) Let N be'a normed linear space and X be a non empty subset of N. lf f(x) is

bounded for each f e N*, then show that x is bounded. (7+4+3)

P.T,O.
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5. a) Define Hilbert space. show that the inner product and the norm in H are
continuous.

b) Prove that in a Hilbert space H, the following hold
i )  l<x,y>l < t lxl l  l lv l l
i i )  l lx+yl l  < l lx l l  +l ly l l ,Vx,ye H.

c) Prove that a closed convex subset C of a Hilbert space H contains a unique
vector of smallest norm. (4+4+6)

6. a) lf S is a non empty subset of Hilbert spaee H, then prove that Sr is a closed
linear subspace of H.

b) Let H be a Hilbert space and {e,} be an orthonormal set in H. Then prove
that the following are equivalent :

' i) {e,}il, is complete.

i i )  x Ie,  Vi=X=0

i i i )  xeH =+ x=i .x ,  e i  >ei
i=1 

n

iv) x e n =+ ll x llr= Il. *, e, >1, . (6+S)
i=1

7. a) Define the adjoint of an operator T on H and prove the following :
i) (T,+t)* - T,* * Trn
i i )  (uT)-=dT*

i i i) llr"ll = llrll
iv) T is non singular + T* is non singular.

b) Show that an operator T on a Hilbert space H is self-adjoint if and only if
(\, *) is real for all x in H.

c) Show that T* is linear and continuous, where T" is adjoint of T. (6+4+4)

L a) lf T, and T. are normal operators on a Hilbert spac,e H such that either
commutes with the adjoint of the other, then prove that product and sum of
T., and Trare also normal operators.

b) 
ff,P,' 

P2n...,Pn 
31e 

proyecrions on closed linear subspaces M,, M2,..., Mn of a
Hilbert space H, ihen prove that p, + p, + ... * pn is a projection iff p,,3 are
pair wise orthogonal.

c) Sftow tl'lat if a normal operator T has eigenvalue 1,, then its adjoint T* has
eigenvalue l". g+T+3)


